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Abstract 
Geometric deviations have huge influences on the functional behavior of product, which should be analyzed and properly controlled. Tolerance 
analysis, as a way to evaluate geometric deviations, is an essential part of product development. Current Computer Aided Tolerancing systems 
provide solutions for tolerance analysis but have limitations in the consideration of form deviations. The Skin Model theory, as a new research 
topic, represents part with non-ideal model that comprises geometric deviations, thus developing into a new computer aided tolerancing 
approach. In this paper, the related work with respect to the generation of Skin Model Shapes and its application in assembly simulation and 
tolerance analysis is briefly introduced. In order to overcome its shortcomings in the tolerance analysis employing SMSs, this paper proposes 
an improved method by taking advantage of the method adopted in a CAT system. The proposed method supports the analysis of position and 
orientation tolerances and has been proved to be valid through a case study. 
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1. Introduction 
Nowadays, along with the rapidly growing requirement for 
product quality and the enhanced functionalities of CAD, 
CAM and CAE systems, Computer Aided Tolerancing (CAT) 
systems are also gaining worldwide application in aerospace 
and automotive industries and playing an important role in the 
product development to provide effective solutions for 
dimension evaluation and control. Mainstream CAT  systems  
provide simulation  tools  for  modelling  the  effects  of  
tolerances  on  digital assembly  simulation,   in which 
nominal models of the part or product are adopted for 
simulation and inevitable limitations have been observed,  
especially  when  dealing  with  form deviations resulted from 
the manufacturing process [1].  
In this context, the Skin Model concept is proposed, which 
stems from the theoretical background of the Geometrical 
Product Specification (GPS) and is deemed as a physical 
interface between the workpiece and its environment. Instead 
of using ideal solid models, the Skin Model represents parts 
with non-ideal point clouds or surface meshes based on a 
discrete geometry framework to represent workpieces, 
including the deviations brought in by manufacturing, 
measurement and assembly processes in the models [2]. In the 
further study of Skin Model, Schleich et.al proposed a 
comprehensive framework for the application of Skin Model 
in computer aided tolerancing and robust design to make 
predictions on the later manufacturing process and to derive 
information about the fitness of the design [3]. In this 
framework, the concept of Skin Model Shapes (SMSs) is 
proposed as particular outcomes of the Skin Model and can be 
understood as virtual workpiece representatives. The skin 
model shapes can then treated as sample models of 
workpieces and be used for engineering simulations like 
assembly simulation and tolerance analysis. According to the 
available information in different phases of product design, 
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the generation of skin model shapes is divided into two stages, 
with different approaches adopted in each stage [3]: 
(1) The Prediction Stage applies to the early design stages 
when geometric deviations of the relevant part cannot be 
observed yet. Assumptions of systematic and random 
deviations have to be made to predict possible defects of the 
given specifications. The systematic deviations are modeled 
by Second Order Shapes according to the characteristics of 
certain manufacturing process according to previous 
experience. While the random deviations are modeled using 
the random fields theory, in which some parameters have to be 
set to control the shape and resulted deviations, for example, 
the correlation length to control the impact of one variable on 
the neighboring variables so as to control the topological 
coherence of the shape, as well as the mean and standard 
deviation to control the deviation value. The deviations are 
then added to each point of the point cloud in its vertex normal 
to form a Skin model shape .  
(2) The Observation Stage applies to the later design stages 
when manufacturing process simulations and even 
measurement data of part prototypes may be available. 
Therefore, a skin model should take the given observations 
into consideration and simulate possible outcomes of the 
production process based on few samples. During this process, 
a training set of the observed samples is established, and then 
techniques like Statistical Shape Analysis and Kernel Density 
Estimate are used to estimate the structure of variability of the 
training set and generate new samples. These samples can also 
be used to extract information about systematic and random 
deviations, so as to estimate the parameters in the Prediction 
Stage [3]. 
The skin model shapes generated in both Prediction Phase 
and Observation Phase have to be evaluated to judge whether 
their deviations conform to the given tolerance specifications 
of the part, only those that pass the evaluation can be used for 
the following simulations [4]. This process is called tolerance 
constraint, in which following the definition of tolerances in 
GPS, all the points of the toleranced feature of the Skin model 
shape have to fall within the tolerance zone in order to pass 
the evaluation. If not, the Skin model shape has to be given 
up. 
The assembly of skin model shapes of planar parts is done 
by using the relative positioning approach. Since the skin 
model shapes are based on discrete point clouds with 
deviations, they cannot be assembled by adding constraints 
like coincidence or contact [5]. The relative positioning 
approach is based on the registration of point clouds of the 
mating parts’ skin model shapes. According to the given 
assembly process, the skin model shape of each target part is 
rotated and transformed to fit its corresponding reference part, 
and finally the position of each part is determined to form the 
resulting assembly [6]. 
The tolerance analysis based on SMSs can then be 
conducted based on the generated sample assemblies. 
However, in existing studies with respect to the tolerance 
analysis with SMSs, only form tolerances are emphasized, 
while lacking in a consideration of orientation and position 
tolerances. In this paper, the tolerance analysis method of a 
mainstream CAT system is studied and adopted to improve 
the tolerance analysis based on SMSs to support its 
consideration of position and orientation tolerances. The paper 
is structured as follows: In Section 2, the tolerance analysis of 
a CAT system, 3DCS, is studied. In Section 3, the defects of 
the existing tolerance analysis based on SMSs are analyzed 
and the improved method is presented. A case study is given 
in Section 4 to illustrate the validity of the proposed method. 
Finally, a conclusion and an outlook are drawn. 
2. Tolerance analysis of mainstream CAT systems 
In this section, the tolerance analysis techniques of a 
mainstream CAT system, 3DCS, is studied. 3DCS is 
seamlessly integrated with CATIA V5 and widely applied in 
aeronautics, astronautics and automotive industries to provide 
a mature solution for the dimension analysis and control of 
parts or assemblies. 
3DCS uses a set of 3D points with a statistical distribution 
associated to each point, to represent the variational class of a 
tolerance feature. The points are obtained from the surface 
mesh of the tolerance feature and the statistical distribution 
gives the likelihood of the position that a point on the feature 
may occur within the tolerance zone of the specified 
tolerance[7]. 
Therefore, 3DCS can generate a number of samples of a 
part, each described by a point set with different point 
positions and constrained within the zone described by the 
assigned tolerances, through a random number generator that 
maps random numbers to the associated statistical distribution. 
Apart from normal distribution, other distribution types like 
Uniform, Triangular, Exponential, Pearson, Gamma, and 
Weibull distributions are also supported by the system. 
According to the characteristics of real manufacturing 
processes, users can specify the best-fit distribution type, so as 
to make the simulated surface more conform to the actual 
surface of the manufactured part. The generated part model 
samples are then assembled according to the specified 
assembly process. The key characteristics in each sample 
assembly can then be measured and statistical analysis can be 
done on the measurement data. 
 
 
Fig. 1. Specifications on the exemplary part model. 
However, how the toleranced features of the non-ideal part 
model are deviated within the tolerance zone hasn’t been well 
explained to the users. In this paper, a reverse analysis is done 
to discover the underlying principle of 3DCS in tolerance 
analysis. As illustrated in Fig.1, an exemplary part with 
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flatness, parallelism and position tolerances is adopted in the 
analysis. Measurements are established on 5 points of the 
toleranced planar feature - four corner points and the center 
point. The distribution type is set as normal distribution, 2000 
simulations are run and accordingly 2000 measurement data 
are collected from the generated report file. The measurement 
data can then be analyzed to discover how the points are 
deviated in the simulations. 
(1) Deviations resulted from the flatness tolerance 
In the first analysis, only the flatness tolerance ft  is 
specified on the toleranced feature, with the value as 0.05 and 
direction in z axis. The deviations of the five observed points 
in x, y and z direction with respect to their nominal positions 
in the 2000 simulations are measured. Through analysis of the 
measured data, the deviations of all five points in x and y 
direction are observed to be 0, while their deviations in z 
direction are distributed. So in the simulation of flatness 
tolerance, the points on the toleranced feature are deviated in 
the direction of the flatness tolerance zone. The histogram of 
the point deviations in z direction shows a shape of the normal 
distribution. The mean iP and variance 2( 1,2,..,5)i iV    of the 
deviations can be seen in Table 1, in which 0iP | ,
6 0.05i ftV |   can be observed on all five points, so it can be 
concluded that the deviations follow a standard normal 
distribution (0, / 6)fN t . 
Table 1. Statistical properties of Point 1-4. 
i  1 2 3 4 5 
iP   1.53e-4 -6.50e-5 -1.98e-4 -8.6e-5 -4.2e-5 
2
iV  6.84e-5 6.90e-5 6.93e-5 6.74e-5 7.21e-5 
6 iV   0.0496 0.0498 0.0500 0.0493 0.0509 
 
 (2) Deviations resulted from the parallelism tolerance 
In the second analysis, only the parallelism tolerance 
r
t  is 
specified on the toleranced feature, with the value as 0.1 and 
direction in z axis. The x, y and z coordinates of the five 
observed points are measured. Through analysis of the 
measurement data, the five points are observed to be on the 
same plane in each measurement and the coordinates of the 
center point stays the same in all measurements, as can be 
visualized in each plane of Fig.2. 
 
Fig. 2. three intersecting planes formed by the five points in three randomly 
selected measurements. 
 Fig.2 shows the planes formed by the points in three 
randomly selected measurements, we can see that, the planes 
intersect at the center point and fall within the two parallel 
planes that define the parallelism tolerance zone. Moreover, 
the x and y coordinates of the four corner points also stay the 
same, so it can be concluded that, in the analysis of 
parallelism tolerance, the toleranced feature is rotated within 
the tolerance zone around x and y axes with respect to the 
center point. 
(3) Deviations resulted from the position tolerance 
In the third analysis, only the position tolerance pt is 
specified on the toleranced feature, with the value as 0.2, the 
theoretically exact position as 50 and direction in z axis. The 
x, y and z coordinates of the five observed points are 
measured. Through analysis of the measured data, the five 
points are observed to be on the same plane in each 
measurement. Fig. 3 shows the planes formed by points of 
three randomly selected measurements, it can be seen that the 
planes lie within the position tolerance zone and the direction 
of the planes is in consistence with the direction of the 
tolerance zone. The z coordinates of all the observed points 
follow the same distribution (0, / 6)pN t . So it can be 
concluded that, in the analysis of position tolerance, the 
toleranced feature is translated in the direction of the position 
tolerance zone and the translation value follows a standard 
normal distribution. 
 
 
Fig. 3. three parallel planes formed by the five points in three randomly 
selected measurements. 
From the above three analyses, the inherent analysis 
techniques adopted by 3DCS can be perceived. It should be 
noted that, in the analysis of flatness tolerance, each point of 
the toleranced feature is deviated following an independent 
distribution, which overlooks the topological coherence of the 
surface and is therefore imprecise. 
3. Improved tolerance analysis method based on SMSs of 
planar parts 
The procedure of tolerance analysis based on the SMSs can 
be summarized into three stages, namely the pre-processing 
stage, the processing stage and the post-processing stage, the 
work of each stage is as follows: 
(1) In the pre-processing stage, a given number of skin 
model shapes of the parts are generated either by applying the 
mathematical methods to model the systematic and random 
deviations of the part surfaces, or by using the data collected 
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from manufacturing process simulations or measurement data. 
The generated skin model shapes are then evaluated using 
tolerance constraints to gather all the qualified skin model 
shapes that satisfy the tolerance specifications.  
(2) Suppose the number of qualified skin model shapes is 
N. In the processing stage, these skin model shapes of parts 
are assembled according to the specified assembly process, in 
which relative positioning approaches are employed to 
determine the assembly position of each part. Therefore, N 
simulated assemblies are acquired. Meanwhile, measurement 
schemes are established according to the key characteristics to 
measure their deviations under the influence of part 
deviations. 
(3) In the post-processing stage, the measurement data in 
each simulated assembly are collected, evaluated and the 
results are visualized and interpreted. 
By modeling the deviations of toleranced features, the SMS 
based tolerance analysis method considers the form errors of 
part surfaces and reflects the deviations occured in certain 
manufacturing processes. At the same time, the approaches 
adopted in the SMS based method takes into consideration of 
the topological coherence of the surface, which approximates 
the real surface of the manufactured part. 
 
Fig. 4. An illustration of the form, orientation and position tolerance zone. 
The skin model shapes generated in the Observation Phase 
are based on the measurement data or manufacturing process 
simulations, so they can be directly used for tolerance 
analysis. However, the skin model shapes generated in the 
Prediction Phase tend to have small deviations, which is 
because the deviations are determined by the parameters, for 
instance, the parameters of second order shapes in modeling 
systematical deviations as well as the mean and standard 
deviation in modeling random deviations. In order to satisfy 
the tolerance constraint, the parameters have to be reasonably 
set to limit the deviations in the tolerance zone of each 
specified tolerance. In case of co-existence of form, 
orientation and position tolerance, as can be seen from Fig. 4, 
the position tolerance zone is always larger and encloses the 
orientation tolerance zone, while the form tolerance zone is 
smallest and always enclosed by the orientation tolerance 
zone. Therefore, to guarantee that the deviations fall within all 
the three tolerance zones, the parameters are commonly set as 
small enough to constrain the deviations within the form 
tolerance zone, which underestimates the effects of the 
position and orientation tolerance and is therefore imprecise. 
For example, suppose a flatness tolerance, a parallelism and 
position tolerance are specified on a planar feature, whose 
values are 0.05, 0.1, 0.2f r pt t t   respectively, then the 
standard deviation of the Gaussian random field is set as 
/ 6 0.0083ftV   . 
The CAT based tolerance analysis method simplifies the 
representation of form deviations but well supports the 
analysis of orientation and position tolerance. While the SMS 
based method models form deviations from both mathematical 
approaches and real measurement data, which considers the 
topological coherence of part surfaces and maps real part 
deviations to the simulation. However, it cannot well support 
the analysis of orientation and position tolerance. In this 
section, combining the advantages of both methods, regarding 
to the tolerance analysis of the assembly composed of planar 
parts, an improved SMS based tolerance analysis method is 
proposed. 
When the skin model shapes result from the Prediction 
Stage of Skin Model generation, the proposed method adds 
some extra procedures in the pre-processing stage to prepare 
the skin model shapes to be used for tolerance analysis. This 
method takes advantage of the analysis techniques of the 
aforementioned CAT system, regarding to the toleranced 
feature of the generated skin model shapes with form 
deviations, to ensure the orientation tolerance, for example 
parallelism, the toleranced feature is rotated with respect to its 
center point, and to ensure the position tolerance, the 
toleranced feature is both rotated and translated, during which 
it should be guaranteed that the orientation and position 
tolerance zones are not violated. Taking the planar part as 
illustrated in Fig. 1 for example, the improved tolerance 
analysis method can be done in the following steps: 
(1) For M skin model shapes of the part, the surface 
deviations are evaluated and 1 1( )M M Md valid shapes whose 
deviations are within the flatness tolerance zone are selected 
for tolerance analysis; 
(2) For each valid skin model shape 1( 1,2,..., )iX i M , the 
associated datum planes of the parallelism and position 
tolerance are extracted and named as 1S  and 2S . The two 
parallel planes that define the parallelism tolerance zone are 
determined according to the parallelism tolerance value and 
1S . Similarly, the two parallel planes that define the position 
tolerance zone are determined according to the position 
tolerance value, the theoretically exact dimension and 2S . 
(3) The deviations resulted from the parallelism and 
position tolerances are simulated by rotating or translating the 
toleranced feature of each skin model shape. According to 
different combinations of tolerances, different processing 
techniques should be considered: 
1) In case of co-existence of flatness and parallelism 
tolerances, the toleranced feature is rotated with respect to the 
center point of the feature. The center point is calculated 
following 1c
N
i iP P  ¦ , in which iP  is the coordinate of each 
point in the tolerance feature, N is the point number. Since the 
direction of parallelism tolerance zone is in z direction, the 
toleranced feature is rotated around x or y axis. In order to 
determine the rotation degrees xG  and yG , first the maximum 
and minimum rotation degrees of the toleranced feature
max min max min, , ,x x y yG G G G around x axis and y axis within the 
D
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parallelism tolerance zone are searched using a stepwise 
approach with an assumed range and a step value. Then, 
rotation degrees xG  and yG can be treated as random 
variables with their ranges as min max[ , ]x xG G  and min max[ , ]y yG G  
respectively. Therefore, a multivariate distribution ( , )x yG G  
with the specified distribution type can be established, and 
rotation values can be randomly sampled. Thereafter, the 
feature is rotated following xG  and yG , if the rotated feature 
doesn’t violate the parallelism tolerance zone, then the 
corresponding skin model shape could be used for tolerance 
analysis. 
2) In case of co-existence of flatness and position 
tolerances, the toleranced feature should be both rotated and 
translated within the position tolerance zone. The translation 
direction is consistent with the direction of the position 
tolerance zone. Similarly the maximum and minimum 
translation values maxzt  and 
min
zt within the tolerance zone are 
also determined in a stepwise approach, and the random 
variable representing the translation value can be defined. 
Meanwhile, the random variables representing the rotation 
values are defined in the same way as in 1), and a multivariate 
distribution ( , , )z x yt G G  with the specified distribution type can 
be established, translation and rotation values can then be 
randomly sampled. Thereafter, the feature is rotated and 
translated following zt , xG  and yG , if the transformed 
feature doesn’t violate the position tolerance zone, then the 
corresponding skin model shape could be used for tolerance 
analysis. 
3) In case of co-existence of flatness, parallelism and 
position tolerances, according to the enclosing relationship 
between the three tolerance zones, the toleranced feature is 
first rotated in the parallelism tolerance zone following the 
same procedure as mentioned in 1). The rotated feature is then 
translated in the position tolerance zone in the same way as in 
2). 
4) For each valid skin model shape 1( 1,2,..., )iX i M , the 
toleranced feature is rotated or translated following the 
procedures in (3). Then the skin model shapes can be used for 
assembly and tolerance analysis. 
4. Case study 
In this section, a case study is conducted for the tolerance 
analysis of an assembly composed of three planar parts. Both 
the CAT based and the SMSs based methods are adopted and 
results are compared to prove the validity of the proposed 
approach in this paper. 
 
 
Fig. 5.the assembly model used in the case study. 
The assembly model of the case study is illustrated in Fig. 
5, in which a flatness, a parallelism and a position tolerance 
are specified on Part 2. In order to evaluate the effects of 
geometric deviations of Part 2 on the assembly dimensions, 
four point-to-point distances AA’, BB’, CC’ and DD’ as well 
as two angles alpha and beta are measured in the assembly 
[8], as illustrated in  Fig. 6. 
 
 
Fig. 6.an illustration of the two angles to be measured. 
The normal distribution is adopted in both methods. In the 
CAT based method, the assembly is built and measurement 
schemes are established, then 1000 simulations are run to 
generate the result. In the SMSs based method, the skin model 
shapes of Part 2 are generated using the approaches in 
Prediction Stage and the toleranced feature, namely the upper 
plane of Part 2, is transformed employing the proposed 
method as explained in Section 3. Thereafter, 1000 valid skin 
model shapes of Part 2 are collected and assembled with the 
Part 1 and Part 3 using the relative positioning approach. 
Finally, all relevant distances and angles are measured from 
the resulting assemblies.  
 
 
Fig. 7.Histogram of measurement data of the distances in both methods. 
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Fig. 8. Histogram of measurement data of the angles in both methods. 
The results of the two methods are compared as shown in 
Fig. 7 and Fig. 8. The blue bars denote the result of the CAT 
based method while the brown bars are result of the SMS 
based method. It can be seen that, the results obtained by both 
approaches are comparable regarding the scatter of the 
measurements. However, a slight mean shift of the sample 
distribution can be observed between the two methods, which 
is because the form deviations of the CAT based method 
follow standard normal distribution with a zero mean, while 
those of the SMS based method is more irregular depending 
on the parameters set to consider the effect of real 
manufacturing processes. Furthermore, the CAT based method 
tends to overestimate the effect of the geometric part 
deviations on the angles alpha and beta. So it can be 
concluded that the proposed approach is valid and even 
overcomes the CAT system in consideration of form 
deviations. 
5. Conclusion 
Geometric deviations have huge influences on the 
functional behavior of product, so tolerance analysis is an 
essential part of product development to evaluate the tolerance 
specifications. The Skin Model theory, as a new research 
topic, represents part with non-ideal model that comprises 
geometric deviations, thus developing into a new computer 
aided tolerancing approach. In this paper, the concept of SMS 
is explained and related work with respect to its generation 
and application is briefly introduced. Regarding to the 
shortcomings in the tolerance analysis employing SMSs, this 
paper proposes an improved method by taking advantage of 
the method adopted in a CAT system. The proposed method 
improves the pre-processing stage to prepare the skin model 
shapes to be used for tolerance analysis. The toleranced 
feature is rotated and translated to simulate the deviations 
resulting from   position and orientation tolerances so that 
these tolerances can be well considered in tolerance analysis. 
A case study is also given to prove the validity of the proposed 
method. Future work will be focused on further study of the 
SMS based tolerance analysis with  considerations of more 
tolerance types and parts with more complex geometries. 
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